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A plane strain problem for two piezoelectric half-spaces adhered by a very thin isotropic interlayer with a crack under
the action of remote mixed mode mechanical loading and electrical ﬂux is considered. The crack is situated either at an
interface or in the interlayer. It is assumed that the substrates are much stiﬀer than the intermediate layer. Therefore,
pre-fracture zones (plastic or damage) arise at the crack continuations. Normal and shear stresses are assumed to be con-
stant in this zones and to satisfy some material equation, which can be taken from theory or derived experimentally. Mod-
eling the pre-fracture zones by the crack continuations with unknown cohesive stresses on their faces reduces the problem
to elastic interface crack analysis leading to a Hilbert problem. This problem is solved exactly. The pre-fracture zone
lengths and stresses in these zones are found from algebraical and transcendental equations. The latter are derived from
the conditions of stress ﬁniteness at the ends of pre-fracture zones and the material equations. The electrical displacement
at any point of the pre-fracture zones is found in closed form as well. Particular cases of symmetrical loading and of equiv-
alent properties of the upper and lower bimaterial components are considered. Numerical results corresponding to certain
material combinations and interlayer material equations are presented and analysed. In the suggested model, any singu-
larities connected with the crack are eliminated, i.e., all mechanical and electrical characteristics are limited in the near-
crack tip region.
 2007 Elsevier Ltd. All rights reserved.
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Piezoelectric materials exhibit practically useful phenomenon which consists in producing an electric
ﬁeld when deformed and undergoing deformation when subjected to an electric ﬁeld. Due to this intrinsic0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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actuators which are usually layered with substrates or embedded in polymer matrices. It is well known that pie-
zoelectric ceramics are very brittle and susceptible to fracture. In many cases, this fracture occurs at interfaces
as debonding and cracks. This leads to an undesired degradation of electrical and mechanical performance.
Because of the practical and fundamental importance of the problem, interface cracks in piezoelectric mate-
rials have been actively studied in the last several decades. A traction-free and electrically permeable crack
between a piezoelectric material and a conductor was considered by Kudryavtsev et al. (1975) and Parton
and Kudryavtsev (1988). Another particular case of electrical conditions on crack faces has been examined
by Suo et al. (1992). An interface crack was assumed to be electrically insulated and a new type of singularity
occurring for such electrical conditions has been found. The above mentioned studies were performed within
the framework of the classical interface crack model (Williams, 1959). This model assumes that the crack is
completely opened and usually gives an oscillating singularity at the crack tips and physically unreal overlap-
ping of the crack faces. To eliminate this phenomenon, a contact zone model for a crack between the isotropic
materials was suggested by Comninou (1977) and further developed by Atkinson (1982), Simonov (1985),
Gautesen and Dundurs (1988) and others. This approach was applied to interface cracks in piezoelectric mate-
rials by Qin and Mai (1999) with the assumption of electrical insulation of the contact zone and by Herrmann
and Loboda (2000) and Herrmann et al. (2001) for an electrically permeable and electrically impermeable
cracks, respectively.
The validity of a simpliﬁed electric boundary condition at crack faces in a homogeneous piezoelectric mate-
rial has been investigated by Dunn (1994), Sosa and Khutoryansky (1996), Kogan et al. (1996), Zhang et al.
(1998) and Gao and Fan (1999). They considered a slit crack as a limiting case of an elliptical hole or an inclu-
sion. Taking into account the exact electric ﬁeld in the mentioned hole or inclusion, they arrived at the con-
clusion that the assumption of a permeable crack is more realistic than that of an impermeable one.
Diﬀerent ways of removing crack tip singularities for cracks in a homogeneous isotropic material and of
modeling fracture processes were initiated in papers by Leonov and Panasyuk (1959), Dugdale (1960), and
Barenblatt (1962). Concerning an interface crack between two isotropic materials, a cohesive zone model
was developed by Needleman (1990), Tvergaard and Hutchinson (1993), and Tvergaard (2001). The toughness
and stress distribution in a thin ductile interface layer joining elastic substrates was considered by Tvergaard
and Hutchinson (1996) and He et al. (1996). An analysis of the plastic zone for an interface crack was per-
formed by Huang (1992), Wang and Shen (1993), and Pickthall et al. (2002) and, from the position of the
cohesive model, Jin and Sun (2005). Plastic strips or pre-fracture zones at the interface cracks continuations
were analyzed by Kaminsky et al. (1999) and Bakirov and Gol’dshtein (2004) for the case of isotropic bima-
terials and Sheveleva (2000) for an interface crack between two orthotropic materials. Related problems con-
cerning initial development of a thin fracture process zone at the interfacial crack tip in an isotropic body were
considered by Kaminsky et al. (2004) and Kaminsky et al. (2006).
The way of eliminating of singularity in electrical displacement was suggested byGao andBarnett (1996) for a
crack in a homogeneous piezoelectric material by means of a strip saturation model. This model permitted to
introduce, similarly to the Dugdale (1960) zone, a zone for the electrical component of electromechanical ﬁeld
in a piezoelectric material. It was further used by Ru (1999), Ru and Mao (1999), Wang (2000), and others.
It is worth noting that, to the authors knowledge, modeling of electromechanical ﬁelds at interface crack
continuations in piezoelectric bimaterials permitting to remove singularities in all electromechanical compo-
nents has not been done yet. In this paper, such modeling is proposed. For a small thickness of interface layer
in comparison with the interface crack length, the pre-fracture or plastic zones are expected to be located at
the interface. This is because adhesions are usually softer than the matrices. The following modeling of these
zones by crack continuations leads to the problem of linear fracture mechanics with unknown cohesive normal
and shear stresses in the mentioned zones. The proposed modeling of the pre-fracture zones by thin strips at
the interface crack continuations can be approved both for the cases of plane stress and plane strain.
2. Basic equations and their general solution
Constitutive relations for a linear piezoelectric material in the absence of body forces and free charges can
be presented in the form by Pak (1992)
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PiJ ;i ¼ 0; ð2ÞwhereV K ¼
uk; K ¼ 1; 2; 3
u; K ¼ 4

ð3Þ
PiJ ¼
rij; i; J ¼ 1; 2; 3
Di; i ¼ 1; 2; 3; J ¼ 4

ð4ÞandEiJKl ¼
Cijkl; J ; K ¼ 1; 2; 3
elij; J ¼ 1; 2; 3; K ¼ 4
eikl; K ¼ 1; 2; 3; J ¼ 4
eil; J ¼ K ¼ 4
8>><
>>:
ð5Þand uk, u, rij and Di are the elastic displacements, electric potential, stresses and electric displacements, respec-
tively. Furthermore, Cijkl, elij and eil are the elastic, piezoelectric and dielectric constants, respectively. Small
subscripts in (1)–(5) and afterwards are always running from 1 to 3, capital subscripts are ranging from 1
to 4 and Einstein’s summation convention is used in (1) and (2).
In the paper by Herrmann and Loboda (2000), similar to the solution by Suo et al. (1992), the following
representations have been derived for a piezoelectric bimaterial composed of two semi-inﬁnite spaces x3 > 0
and x3 < 0½V0ðx1; 0Þ ¼Wþðx1Þ Wðx1Þ; ð6Þ
tð1Þðx1; 0Þ ¼ GWþðx1Þ  GWðx1Þ; ð7Þwhere½V0ðx1; 0Þ ¼ V0ð1Þðx1; 0Þ  V0ð2Þðx1; 0Þ; ð8Þ
and G ¼ Bð1ÞD1; D ¼ Að1Þ  Að2ÞðBð2ÞÞ1Bð1Þ; Wþðx1Þ ¼Wðx1 þ i0Þ; Wðx1Þ ¼Wðx1  i0Þ. A(m), B(m) are
known matrices (Suo et al., 1992) deﬁned by material constants and related to the upper (m = 1) and lower
(m = 2) half-spaces, respectively; V = {u1,u2,u3,u}
T, t = {r13,r23,r33,D3}
T. The bar denotes complex conju-
gation. The unknown vector-function W(z) = [W1 (z),W2(z),W3(z),W4(z)]
T is analytical in the whole plane
including the bonded parts of the material interface. The bimaterial matrix G of dimension [4 · 4] and the vec-
tor function W(z) are related to the matrix H and the vector function h(z) (Suo et al., 1992) as iG1 = H,
W(z) = iHh(z), respectively. z = x1 + ix3 and i ¼
ﬃﬃﬃﬃﬃﬃ1p . Presentations (6) and (7) ensure that conditions
tð1Þðx1; 0Þ ¼ tð2Þðx1; 0Þ for x1 2 ð1;1Þare satisﬁed. These conditions are valid provided all electromechanical ﬁelds are independent of the coordinate
x2.
In the following, piezoelectric materials of the symmetry class 6 mm with the poling direction x3 are con-
sidered. For these materials, the bimaterial matrix G without second row and column has the following form:G ¼
G11 G13 G14
G31 G33 G34
G41 G43 G44
2
64
3
75 ¼
ig11 g13 g14
g31 ig33 ig34
g41 ig43 ig44
2
64
3
75; ð9Þwhere all gij are real, [u] = 0 for 1 < x1 <1. Performing an analysis similar to Herrmann and Loboda
(2000), one gets the following relations:
Fig.
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rð1Þ33 ðx1; 0Þ ¼ g31W þ1 ðx1Þ þ ig33W þ3 ðx1Þ  g31W 1 ðx1Þ
þ ig33W 3 ðx1Þ þ r0; ð10Þ
Dð1Þ3 ðx1; 0Þ ¼ g41W þ1 ðx1Þ þ ig43W þ3 ðx1Þ  g41W 1 ðx1Þ
þ ig43W 3 ðx1Þ þ d0;
wherer0 ¼ g34D11 ðg43r1  g33d1Þ; d0 ¼ g44D11 ðg43r1  g33d1Þ; ð11Þ
D1 = g33g44  g43g34 and r1, d1 are tensile stress and electrical displacement prescribed at inﬁnity (Fig. 1).
Combining the ﬁrst and second Eq. (10), one can writerð1Þ33 ðx1; 0Þ þ imjrð1Þ13 ðx1; 0Þ ¼ tj½F þj ðx1Þ þ cjF j ðx1Þ þ r0; ð12Þ
whereF jðzÞ ¼ W 1ðzÞ þ isjW 3ðzÞ; j ¼ 1; 2 ð13Þ
andcj ¼ ðg31 þ mjg11Þ=tj; tj ¼ g31  mjg11; m1;2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 g31g33
g11g13
r
; s1;2 ¼ m1;2: ð14ÞIt should be noted (Herrmann and Loboda, 2000) that c1 = 1/c2, and these values, as well as m1,2, are real.
Eqs. (8) and (13) lead to the following expression for the derivatives of the displacement jumps½u01ðx1; 0Þ þ isj½u03ðx1; 0Þ ¼ F þj ðx1Þ  F j ðx1Þ: ð15Þ
Here and afterwards the square brackets denote the jump of the corresponding function over material inter-
face. It is clear from Eq. (15) that functions Fj(z) are analytical in the whole plane including bonded parts of
the material interface.
It follows from Eq. (10) that the electrical displacement at the interface can be presented in the following
form:Dð1Þ3 ðx1; 0Þ ¼ g43g133 rð1Þ33 ðx1; 0Þ þ g0½u01ðx1; 0Þ  g43g133 r1 þ d1; ð16Þ
where g0 ¼ g133 ðg31g43  g41g33Þ.)1()1()1(
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1. Piezoelectric bimaterial with an interface crack subjected to a remote mixed mode mechanical loading and an electrical ﬂux.
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Consider two piezoceramic half-spaces x3 > h/2 (with physical properties matrix E
ð1Þ
iJKl) and x3 < h/2 (with
matrix Eð2ÞiJKl) having both the symmetry class 6 mm with the poling direction x3. It is assumed that the half-
spaces are adhered by means of an isotropic interlayer h/2 < x3 < h/2 with shear modulus l, Poison’s ratio
m, yield limit rY and a very small thickness h. Uniformly distributed mechanical loading and electrical displace-
ments at inﬁnity are given by rðmÞ33 ¼ r1; rðmÞ13 ¼ s1, rðmÞ11 ¼ r1xxm, DðmÞ3 ¼ d1, DðmÞ1 ¼ D1xm (m = 1 stands for the
upper domain, and m = 2 for the lower one). Because the load does not depend on the coordinate x2, the rela-
tions from the previous section can be used and a two-dimensional problem in the x1, x3-plane can be consid-
ered. It is assumed that a crack (a,b) is situated either between the interlayer and one of the matrices or inside
the interlayer. Because of small interlayer thickness with respect to the crack length, the location of the crack is
not principal for achieving the goal of this work. For certainty, the crack is chosen between the interlayer and
the upper half-space (Fig. 1).
Note that the majority of publications dealing with interface cracks do not usually take into account the
interlayer thickness. In this paper, the interlayer thickness will not be completely taken into consideration
as well. However, the properties of the interlayer and its inﬂuence upon the fracture process will be accounted
by means of introduction of pre-fracture zones with cohesive stresses. These stresses are mostly deﬁned by
mechanical properties of the interlayer. If one assumes h! 0, i.e., that the half-planes are bonded directly,
then the continuity and boundary conditions at the interface can be written in the formfor x1 62 ða; bÞ : ½V ¼ 0; ½t ¼ 0; ð17Þ
for x1 2 ða; bÞ : r13 ¼ 0; r33 ¼ 0; ½u ¼ 0; ½D3 ¼ 0; ð18Þprovided that the crack surfaces are traction-free and the electrical potential is continuous across the whole
interface.
Satisfying the ﬁrst two interface conditions from (10) by means of Eq. (12), one gets the following Hilbert
problemF þ1 ðx1Þ þ c1F 1 ðx1Þ ¼ r0=t1 for x1 2 ða; bÞ:
The solution of this problem under associated conditions at inﬁnity is well known (Muskhelisvili, 1953) and
presented in many publications. Therefore it is not reproduced here. We only mention that this solution leads
to an oscillating singularity in stresses and, because of the formula (16), in electrical displacement at crack tips.
These singularities point out that, in reality, stresses and electrical displacement attain their critical values at
crack tips. To avoid these singularities, pre-fracture zones [a1,a] and [b,b1] are introduced at the crack contin-
uation (Fig. 2).
Because the interface layer is usually much softer than the matrices, the appearance of these zones can be
related to the interlayer yielding or damage. Note that the pre-fracture zones are usually much shorter than
the crack. Therefore, similarly to the approach of Dugdale (1960) concerning cracks in homogeneous isotropic
materials, it is possible to assume here that stresses in these zones are constant. We designate them r33 = r 0,
r13 = s 0, r11 ¼ r01 for the left zone and r33 = r, r13 = s, r11 = r1 for the right one. The values r, s, r1, r 0, s 0 and
r01 are to be determined. It is assumed that the following relations are valid for the pre-fracture zones:f ðr; s; r1Þ ¼ 0 ð19Þa1 a b1b
x3
x1
Pre-fracture
zones
crack
Fig. 2. Pre-facture zones at the crack continuations.
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(left zone). The function f, which can be interpreted as some law of interlayer material yielding or damage,
should be determined experimentally or theoretically.
Interface conditions can be presented in the form½V ¼ 0; ½t ¼ 0; for x1 62 ða1; b1Þ ð21Þ
rðiÞ33ðx1; 0Þ  p1ðx1Þ ¼
r0; a1 6 x1 6 a
r; b 6 x1 6 b1
0; a < x1 < b
8><
>: ð22Þ
rðiÞ13ðx1; 0Þ  p2ðx1Þ ¼
s0; a1 6 x1 6 a
s; b 6 x1 6 b1
0; a < x1 < b
8><
>: ð23ÞRemember that [u(x1,0)] = 0 for x1 2 (1,+1), i.e., the interface is assumed to be electrically permeable.
Since the interlayer thickness is much smaller than the crack length, in the following it is assumed that the
interface conditions (17), (18), (22), and (23) are written for x3 = 0. Moreover, the stresses r1xxm and the elec-
trical displacements D1xm are chosen to satisfy the continuity of the mechanical deformation and the electrical
stress over the material interface x3 = 0.
This way, we have formulated a problem of linear fracture mechanics for a crack [a1,b1] between two half-
spaces with unknown stress components r, s, r 0, s 0 at the crack faces and unknown position of the points a1
and b1. After the solution of this problem, the electrical displacement at each point of the interface can be
found by means of the formula (16).4. Deﬁnition of the pre-fracture zone characteristics
For the sake of convenience, let us introduce the following functions:UjðzÞ ¼ F jðzÞ þ U0j ; ð24Þ
where U0j ¼ r
0
tjð1þcjÞ ; ðj ¼ 1; 2Þ.
Relations (12) and (15) attain the following form:rð1Þ33 ðx1; 0Þ þ imjrð1Þ13 ðx1; 0Þ ¼ tj½Uþj ðx1Þ þ cjUj ðx1Þ; ð25Þ
½u01ðx1; 0Þ þ isj½u03ðx1; 0Þ ¼ Uþj ðx1Þ  Uj ðx1Þ: ð26ÞIt is clear that functions Uj(z) have the same properties as Fj(z).
Taking into account that relation Uþj ðx1Þ ¼ Uj ðx1Þ is valid for x1 62 (a1,b1), it follows from relation (25)
that:tjð1þ cjÞUþj ðx1Þ ¼ r1 þ i mjs1 for x1 !1: ð27Þ
Because the functions UjðzÞ are analytical at inﬁnity, one getsUjðzÞjz!1 ¼ ðr1 þ imjs1Þ=rj; ð28Þ
where rj = tj(1 + cj).
For the following analysis, it is suﬃcient to use the relations (25), (26) and (28) with j = 1. These relations
with j = 2 can only be required if some electromechanical characteristics must be found for the points situated
outside of the interface.
Using Eq. (25) and satisfying interface conditions (22) and (23), we obtain
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1
t
pðx1Þ for x1 2 ða1; b1Þ ð29Þ1where p(x1) = p1(x1) + im1p2(x1).
Solution of the problem (29), according to Muskhelishvili (1953), can be written in the formU1ðzÞ ¼ 1
2piW ðzÞ C0 þ C1zþ
1
t1
Z b1
a1
pðtÞW þðtÞ
t z dt
 
; ð30Þwhere W(z) = (z  a1)0,5ie(z  b1)0,5+ie, e = lnc1/(2p) and the constants C0 and C1 are deﬁned by the condi-
tions at inﬁnity.
Taking into account that Uþ1 ðx1Þ ¼ U1 ðx1Þ ¼ U1ðx1Þ for x1 62 (a1,b1) and using Eq. (25), the following rela-
tion for the stresses at the interface is obtainedrð1Þ33 ðx1; 0Þ þ im1rð1Þ13 ðx1; 0Þ ¼
1
2piW ðx1Þ 2piðx1 
a1 þ b1
2
 iel1Þðr1 þ im1s1Þ

þ ð1þ c1Þ ðr0 þ im1s0Þ
Z a
a1
W þðtÞ
t x1 dtþ ðrþ im1sÞ
Z b1
b
W þðtÞ
t x1 dt
 
: ð31Þwhere l1 = b1  a1.
Further, the condition of the ﬁniteness of stresses at the points a1 and b1 is implied. This condition is sat-
isﬁed if the following equations hold trueW ðnkÞ rð1Þ33 ðnk; 0Þ þ im1rð1Þ33 ðnk; 0Þ
h i
¼ 0; ð32Þwhere n1 = a1, n2 = b1 and k = 1, 2.
Eq. (32) with account for the formula (31) lead to the following system of linear algebraic equations:N
r0 þ im1s0
rþ im1s
 
¼ pil1
1þ c1
ðr1 þ im1s1Þ
1þ 2ie
ð1 2ieÞ
 
; ð33Þwith respect to the unknown stresses r, r 0, s, s 0 in the pre-fracture zones. The components of the matrix
N = [Nij]i,j=1,2 have the following form:N 11 ¼
Z a
a1
ððt b1Þ=ðt a1ÞÞ0:5þie dt; N 12 ¼
Z b1
b
ððt b1Þ=ðt a1ÞÞ0:5þie dt
N 21 ¼
Z a
a1
ððt a1Þ=ðt b1ÞÞ0:5ie dt; N 22 ¼
Z b1
b
ððt a1Þ=ðt b1ÞÞ0:5ie dt: ð34ÞMethods and some results of calculation of the components of matrix N are given in Appendix A.
From system (33), one gets following expressions for stresses in the pre-fracture zonesr0 þ im1s0
rþ im1s
 
¼ pil1
1þ c1
ðr1 þ im1s1ÞN1
1þ 2ie
ð1 2ieÞ
 
: ð35ÞAfter substituting of expressions (35) into Eqs. (19) and (20) and choosing the appropriate values of r1 and r01,
we derive the following system of nonlinear equationsWiðDa;Db; r1; s1Þ ¼ 0; ði ¼ 1; 2Þ ð36Þ
with respect to the pre-fracture zone lengthsDa ¼ a a1 and Db ¼ b1  b: ð37Þ
In a general case the solution of the system (36) can be found numerically.
Consider now the determination of the displacement jumps at the initial crack tips. Due to (29), the relationU1 ðx1Þ ¼ c11 t11 pðx1Þ  c11 Uþ1 ðx1Þ
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the following equation:½u01ðx1; 0Þ þ is1½u03ðx1; 0Þ ¼
1þ c1
c1
Uþ1 ðx1Þ 
1
c1t1
pðx1Þ for x1 2 ða1; b1Þ:Using (30) and integrating the obtained equation leads to the following expression:½u1ðx1; 0Þ þ is1½u3ðx1; 0Þ ¼ 1
2pic1t1
f2piðr1 þ im1s1Þðx1  a1Þ0;5ieðx1  b1Þ0;5þie
þ ð1þ c1Þ½ðr0 þ im1s0ÞJ 1ðx1Þ þ ðrþ im1sÞJ 2ðx1Þg 
1 c1
2c1t1
hðx1Þ ð38ÞwhereJ 1ðx1Þ ¼
Z x1
a1
1
W ðx1Þ
Z a
a1
W þðtÞ
t x1 dtdx1; J 2ðx1Þ ¼
Z x1
a1
1
W ðx1Þ
Z b1
b
W þðtÞ
t x1 dtdx1; ð39Þ
hðx1Þ ¼
Z x1
a1
pðtÞdt:The integral for h(x1) can be calculated analytically. Integrals (39) can be represented via hyper-geometric
functions. However, for real piezoelectric bimaterials, the value of e is very small and the inﬂuence of the
oscillation on the values of integrals (39) is negligibly small. Assuming therefore e = 0 (c1 = 1) in Eq. (39)
one getsJ 1ðx1Þ J 10ðx1Þ ¼
Z x1
a1
1
W þ0 ðx1Þ
Z a
a1
W þ0 ðtÞ
t x1 dtdx1; ð40Þ
J 2ðx1Þ J 20ðx1Þ ¼
Z x1
a1
1
W þ0 ðx1Þ
Z b1
b
W þ0 ðtÞ
t x1 dtdx1; ð41Þwhere W 0ðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðz a1Þðz b1Þp .
Using results by Rice and Sih (1965) and Panasyuk (1968), these integrals can be calculated exactly and
presented in the following formJ 10ðxÞ ¼ cos1ða1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx a1Þðb1  xÞ
p
þ x a
2
Hða1; b1; x; aÞ; ð42Þ
J 20ðxÞ ¼ cos1ða1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx a1Þðb1  xÞ
p
 x b
2
Hða1; b1; x; bÞ; ð43ÞwhereHða; b; x; nÞ ¼ ln ðb xÞðx aÞ þ ðn xÞð
aþb
2
 xÞ  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb xÞðx aÞðb nÞðn aÞp
ðb xÞðx aÞ þ ðn xÞðaþb
2
 xÞ þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb xÞðx aÞðb nÞðn aÞp ;
a1 ¼ ðb1 þ a1  2aÞ=l1:
The most important values are crack opening displacements (COD) at the initial crack tips which are denoted
as follows:da1 ¼ ½u1ða; 0Þ; da2 ¼ ½u2ða; 0Þ; db1 ¼ ½u1ðb; 0Þ; db2 ¼ ½u2ðb; 0Þ: ð44Þ
Using formula (38), the COD, for example at the point b, can be written in the formdb1 þ is1db2 
1
c1t1
ðr1 þ im1s1Þðb a1Þ0;5ieðb b1Þ0;5þieþ
þ 1þ c1
2pic1t1
½ðr0 þ im1s0ÞJ 10ðbÞ þ ðrþ im1sÞJ 20ðbÞ: ð45Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðda1Þ2 þ ðda2Þ2
q
; db ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdb1Þ2 þ ðdb2Þ2
q
ð46Þcan be considered as main fracture parameters for the corresponding crack tips.
After solving Eq. (36) and deﬁning the position of the points a1 and b1, one can use Eq. (18) and write the
expression for the electrical displacement at diﬀerent segments of the interface in the formDð1Þ3 ðx1; 0Þ ¼ g0r1 þ d1 þ
g0½u01ðx1; 0Þ
g0½u01ðx1; 0Þ þ g0r
g0rð1Þ33 ðx1; 0Þ
8><
>:
for x1 2 ða; bÞ
for x1 2 ðb; b1Þ
for x1 62 ða1; b1Þ
ð47Þwhere g0 ¼ g43g133 . For x1 2 (a1,a), r 0 should be taken instead of r in the second line of (47).
Note that, due to Eq. (32), the electrical displacement Dð1Þ3 ðx1; 0Þ is not singular neither at the initial crack
tips nor at the points a1 and b1. This means that the proposed model removes singularities in all components of
electromechanical ﬁeld. Because of this quality, this model can be considered as some kind of saturation model
concerning the electrical components of the ﬁeld. It should however be mentioned that the electrical displace-
ments in the pre-fracture (electrically saturated) zones are not prescribed as it was done by Gao and Barnett
(1996), but found according to the formula (47).5. Case of symmetrical loading
Consider now the case s1 = 0. Placing the apex of the coordinate system in the middle point of the crack,
one has a = b, a1 = b1, r 0 = r, s 0 = s. Instead of two equations of system (36), only the following one
holds trueðr im1sÞN sym21 þ ðrþ im1sÞN sym22 ¼ 
2pib1
1þ c1
r1ð1 2ieÞ: ð48Þwhere, due to formulae (A1), one hasN sym21 ¼
1
1:5 ie ð2b1Þ
0:5þieðb1  bÞ1:5ie; N sym22 ¼ 
1
0:5þ ie ð2b1Þ
0:5ieðb b1Þ0:5þie ð49ÞExtracting the real and imaginary parts in Eq. (48), we arrive at the system of linear algebraic equations with
respect to r and s. The solution of this system has the following form:r ¼ rm1r1ð2ea22  a12Þ; s ¼ rr1ð2ea21 þ a11Þ; ð50Þ
where the expressions for r and aij (i, j = 1,2) are given in Appendix B. It is worth noting that the values of r
and aij and consequently r and s depend on the pre-fracture zone lengthg ¼ b=b1: ð51Þ
Substituting the obtained expressions (50) into the second equation (36) and taking into account that Da = Db
in this case, one arrives at a transcendental equation with respect to the dimensionless parameter g. Particu-
larly, if the von Mises yielding condition is usedf ðr; s; r1Þ  ðr r1Þ2 þ 4s2  4
3
r2Y ¼ 0; ð52Þ(rY is yield stress of the interface material), then the mentioned equation has the following form:½m1ð2ea22  a12Þ  r12 þ 4ð2ea21 þ a11Þ2 ¼ 4
3r2
rY
r1
 2
: ð53ÞFormula (38) for the displacement jumps after using the same assumption as for the formulae (40) and (41)
takes the following form:
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1
c1t1
ðx1 þ b1Þ0:5ieðx1  b1Þ0:5þie
þ 1þ c1
2p ic1t1
ðr im1sÞJ sym10 ðx1Þ þ ðrþ im1sÞJ sym20 ðx1Þ½ ; ð54Þwhere J symi0 ðx1Þ ¼ J i0ðx1Þ (i = 1,2) for a = b and a1 = b1. In this caseHðb; b; x; nÞ ¼ ln
b2  xn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  x2Þðb2  n2Þ
q
b2  xnþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  x2Þðb2  n2Þ
q : ð55Þ6. Case of equivalent properties of the upper and lower bimaterial components
Consider now the case when the mechanical characteristics of the lower and the upper piezoelectric mate-
rials are identical. In this case c1 = 1, e = 0 and the formula (31) takes the formrð1Þ33 ðx1; 0Þ þ im1rð1Þ13 ðx1; 0Þ ¼
r1 þ im1s1
W 0ðx1Þ ðx1 
a1 þ b1
2
Þþ
þ 1
piW 0ðx1Þ ðr
0 þ im1s0Þ
Z a
a1
W þ0 ðtÞ
t x1 dtþ ðrþ im1sÞ
Z b1
b
W þ0 ðtÞ
t x1 dt
 
; ð56Þwhere W0(z) is the same as in Eqs. (40) and (41).
Using (35), the pre-fracture zone stresses can be calculated by the following formulae:r0 þ im1s0
rþ im1s
 
¼ pil1
2
ðr1 þ im1s1ÞN1
1
1
 
: ð57ÞComponents of the matrix N can be calculated exactly by means of formulae (34) and can be presented in the
formN 11 ¼i l1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a21
q
þ cos1ða1Þ
	 

; N 12 ¼ i l1
2
cos1ða2Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a22
q	 

;
N 21 ¼i l1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a21
q
 cos1ða1Þ
	 

; N 22 ¼ i l1
2
cos1ða2Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a22
q	 

; ð58Þwhere a2 = (2b  b1  a1)/l1.
For this case, the expression for the displacement jump has the following form:½u1ðx1; 0Þ þ is1½u3ðx1; 0Þ ¼ r
1 þ im1s1
t1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  a1Þðx1  b1Þ
p
þ 1
p it1
½ðr0 þ im1s0ÞJ 10ðx1Þ þ ðrþ im1sÞJ 20ðx1Þ: ð59ÞExpressions for da1; d
a
2; d
b
1; d
b
2 can easily be written on the base of the formula (59) as well.
Consider ﬁnally the case of symmetrical loading with s1 = 0. For a homogeneous material one has
s = s 0 = 0 and r 0 = r. In the coordinate system with apex in the middle of the crack, equations
rð1Þ13 ðx1; 0Þ ¼ 0, a = b and a1 = b1 hold true. Instead of Eqs. (19) and (20), the only equation of Dugdale
(1960) – typer ¼ r0 ð60Þ
can be considered. r0 is some material constant, for example 2rY. Furthermore, for this case a2 = a1 = b/b1
and formula (56) attains the following form:
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1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  b21
q r1x1 þ r0pi
Z b
b1
þ
Z b1
b
	 
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃt2  b21
q
t x1 dt
8<
:
9=
;: ð61ÞEquating the expression in the ﬁgure brackets to zero, one arrives at the equation r1b1 þ r0pi ðN 21 þ N 22Þ ¼ 0,
which can presented in the following form:b
b1
¼ cos pr
1
2r0
: ð62ÞThe pre-fracture zone length can easily be calculated from the last equation.
It is worth noting that the integrals in (61) can be evaluated in closed form. After such evaluation and using
(62), one getsrð1Þ33 ðx1; 0Þ ¼ r0 þ
r0
p
sin1
b21  x1b
b1ðx1  bÞ  sin
1 b
2
1 þ x1b
b1ðx1 þ bÞ
 
: ð63ÞTaking into account that [u1(x1,0)] = 0 and considering only imaginary part of (59), one arrives at the formulais1½u3ðx1; 0Þ ¼ r
1
t1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  b21
q
þ r0
p it1
J 10ðx1Þ þ J 20ðx1Þ½ : ð64ÞFor this case Jk0ðx1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21  x21
q
cos1ða1Þ  x1b2 Hðb1; b1; x1;bÞ. Here, the upper sign should be taken
for k = 1 and the lower one for k = 2, and the formula (55) for H can be used. After substituting these expres-
sions for Jk0 into Eq. (64) and using Eq. (62), i.e., for the required pre-fracture zone length, one arrives to the
formula½u3ðx1; 0Þ ¼ r0
2p t1s1
fðx1  bÞHðb1; b1; x1; bÞ  ðx1 þ bÞHðb1; b1; x1;bÞg: ð65ÞThe COD at the initial crack tip can be found from (65) for x1 = b and can be written in the formdb2 ¼ 
2br0
p t1 s1
ln cos
pr1
2r0
	 

: ð66ÞIt is important to note, that for the case of isotropic upper and lower bimaterial components with t1 = 2l/
(1 + j), s1 = 1 (Herrmann et al., 2004), Eqs. (62) and (66) formally coincide with the associated equation
of Panasyuk (1968).
Using formula (47) and taking into account that ½u01ðx1; 0Þ ¼ 0 for this kind of material and loading, the
expression for the electrical displacement at the interface can be written in the formDð1Þ3 ðx1; 0Þ ¼ g0r1 þ d1 þ
0
g0r0
g0rð1Þ33 ðx1; 0Þ
8><
>:
for x1 2 ða; bÞ;
for x1 2 ðb1;bÞ [ ðb; b1Þ;
for x1 62 ðb1; b1Þ:
ð67ÞDue to the fact that stress rð1Þ33 ðx1; 0Þ is not singular at the points b1 and b1, the electrical displacement is ﬁnite
along the whole material interface.
7. Numerical results and discussion
Calculations have been performed for a bimaterial composed of materials PZT4 (upper material) and PZT5
(lower one). Characteristics of these materials are presented in Appendix C. The interface layer was assumed
to be elastic-perfectly plastic material with yield stress rY = 220 MPa (Al) and the von Mises yielding condi-
tion. This means that the function f in Eqs. (19) and (20) is taken in the form (52). According to the paper by
Tvergaard and Hutchinson (1996), stress r11 in front of the crack in the mentioned material is equal to 2rY.
Therefore we assume r1 ¼ r01 ¼ 2rY for the Eqs. (19), (20), and (52).
First, the case of symmetrical loading with rðmÞ33 ¼ r1, rðmÞ13 ¼ s1 ¼ 0, DðmÞ3 ¼ d1 ¼ 0 is considered. Calcu-
lation results for the relative pre-fracture zone length, stresses in this zone and the CODs at the initial crack
V. Loboda et al. / International Journal of Solids and Structures 44 (2007) 5538–5553 5549tip with respect to the intensity of the external load are presented in Table 1. These results are given for the
right zone. For the left zone, they are the same except for the signs of s 0 and da1 which are opposite.
It can be seen that the stresses in the pre-fracture zones, especially the normal ones, only slightly depend on
the external loading values. On the other hand, the pre-fracture zone length and the COD depend strongly and
nonlinearly on this parameter. Besides, the values of pre-fracture zone length remain rather small with respect
to the crack length, even for a relatively large external stress (which are presented in the last lines of the
Table 1).
The variation of normal crack opening
db2
b  105 at the intial crack tip with respect to the intensity of the
remote normal stress k ¼ r1rY is shown in Fig. 3. Line I is obtained for the same material combination as it
was in the Table 1. For the comparison, lines II and III are shown for the case of identical properties of
the upper and lower bimaterial components, i.e., PZT4/PZT4 and PZT5/PZT5, respectively. In these last cases
formula (66) was used for the COD calculation. It follows from the mentioned results that a replacement of
one piezoelectric component by another one does not inﬂuence essentially to the values of COD. Besides, the
position of the line I between the lines II and III obtained on the base of the relatively simple formula (66)
conﬁrms the correctness of the results obtained for more general case of PZT4/PZT5 material combination.
Dependencies of the determined parameters on the remote shear stress s1 are given in Figs. 4–6. The pre-
sented curves are calculated under the same assumptions as Table 1 with r1/rY = 0.2. System (36) of nonlin-
ear equations has been solved in this case and the function f has been taken according to (52). In Fig. 4,
relative pre-fracture zone lengths aa1l	 for the left crack tip (line I) and
b1b
l	
for the right crack tip (line II)
are presented with respect to the intensity of the remote shear stress s	 ¼ s1r1. The value l* = (b  a)/2 is a half
of the initial crack length. It follows from Fig. 4 that the pre-fracture zone lengths strongly depend on s*. For
s1 > 0 the left zone grows faster than the right one.
In Fig. 5, ratios r 0/rY (line I), r /rY (II),s 0/rY (III) and s/rY (IY) are presented with respect to the para-
meter s*. It can be seen that, in spite of the presence of external shear loading, normal stresses remain dom-
inant in the pre-fracture zones in comparison to shear stresses. However, increasing the external shear stress
s1 increases shear stresses and decreases normal stresses in the pre-fracture zones.
Calculated values of
da1
l	
 106 (line I) db1l	  10
6 (II),
da2
l	
 105 (III) and db2l	  10
5 (IV) are given as functions of s*
in Fig. 6. It follows from these results that displacement jumps da1, d
b
1 remain much smaller than d
a
2, d
b
2. For theTable 1
Relative pre-fracture zone length, stresses in these zone and the crack opening at the initial crack tip for bimaterial PZT4/PZT5 in case of
symmetrical loading
r1/rY
b1b
b r/rY s/rY
db1
b  106 d
b
2
b  105
0.05 0.00032 3.0800 0.2042 0.3739 0.7124
0.1 0.00128 3.1015 0.1732 1.243 2.809
0.2 0.00508 3.1194 0.1416 4.026 11.16
0.333 0.01410 3.1304 0.1179 9.328 30.99
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Fig. 3. The variation of the crack opening with respect to parameter k ¼ r1rY for diﬀerent material combinations.
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.
5550 V. Loboda et al. / International Journal of Solids and Structures 44 (2007) 5538–5553considered values of s*, the displacement jumps at the left crack tip are larger than those at the right one. Note
that values da ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðda1Þ2 þ ðda2Þ2
q
and db ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdb1Þ2 þ ðdb2Þ2
q
, which can indicate the possibility of the crack start
and development, can easily be found from the obtained numerical values of Fig. 6.
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Fig. 7. Distribution of normalized electrical displacement d3ðx1Þ ¼ Dð1Þ3 ðx1; 0Þ=d1 along the material interface.
V. Loboda et al. / International Journal of Solids and Structures 44 (2007) 5538–5553 5551In Fig. 7, a distribution of normalized electrical displacement d3ðx1Þ ¼ Dð1Þ3 ðx1; 0Þ=d1 along the material
interface is presented. Identical piezoelectric materials PZT4 are chosen as upper and lower materials. For
the interface layer, the same material as earlier is used. The remote electrical displacement is taken equal to
d1 = 0.01 C/m2 and the remote shear stress s1 = 0. The remote normal stress has been varied. Lines I, II
and III correspond to the values of r1/rY equal to 0.1, 0.2 and 1/3, respectively. The pre-fracture zone lengths
are calculated using Eq. (62). They appear to be b1bl	 ¼ 0:00124; 0:00497 and 0:139, respectively. It can be seen
that the electrical ﬂux in the pre-fracture zones is ﬁnite, has a constant value and is only slightly dependent on
the parameter r1/rY. On the right-hand side of the point b1, its value decreases rapidly to the value approx-
imately equal to 0.01 C/m2.
8. Conclusion
A plane strain problem for two piezoelectric half-spaces adhered by means of a very thin isotropic interlay-
er has been considered. This system is subjected to the action of a remote mixed mode mechanical loading and
an electrical ﬂux. An electrically permeable crack located either between the interlayer and one of the matrices
or completely in the interlayer is studied.
It is assumed that the piezoelectric bimaterial components are much stiﬀer than the intermediate layer.
Therefore, some pre-fracture zones (plastic or damage) develop in the interlayer at the crack continuations.
Normal and shear stresses are assumed to be constant in these zones and to satisfy some material equations,
which can be derived either theoretically or experimentally.
Modeling the pre-fracture zones by crack continuations with prescribed unknown stresses on the crack fac-
es and neglecting the interlayer thickness reduces the problem to a linear fracture mechanics one. The latter
deals with an interface crack between two piezoelectric materials with unknown stresses on the faces of the
pre-fracture zones and the unknown length of these zones.
Using presentations Eqs. (6), (7), (12) and (15) for the required electromechanical characteristics in terms of
sectionally holomorphic functions, the problem is reduced to a Hilbert problem and solved exactly. The alge-
braic and transcendental equations used for determination of the pre-fracture zone lengths and the stresses in
these zones are formulated from the conditions of stress ﬁniteness at the ends of pre-fracture zones and sat-
isfaction of the material equations for the interface layer. Presentation (45) for the crack opening at the initial
crack tips as well as the electrical displacement (47) are found in analytical form.
A particular case of symmetrical loading is studied too. Instead of systems (36) and (37), a single transcen-
dental equation for the determination of the pre-fracture zone length should be solved in this case.
Special attention is given to the case of equivalent properties of the upper and lower bimaterial components
under tensile loading. In this case the results become especially simple and Eqs. (62), and (66) for the deter-
mination of pre-fracture zone lengths and the crack opening formally coincide with the related formulae of
Dugdale (1960) model.
5552 V. Loboda et al. / International Journal of Solids and Structures 44 (2007) 5538–5553Numerical results for a bimaterial composed of materials PZT4 and PZT5 are obtained. The interface layer
is assumed to be elastic perfectly plastic with the von Mises yielding condition. First, a symmetrical case (ten-
sile loading only) is considered. Variations of the pre-fracture zone lengths, stresses in this zones and the crack
opening at initial crack tip with respect to the intensity of the remote tensile load are calculated. Furthermore,
the inﬂuence of the remote shear stress upon the mentioned parameters is studied along with the variation of
the electrical ﬂux along the material interface. Note that, due to the suggested model, all mechanical and elec-
trical characteristics are limited in the near-crack tip region, i.e., all singularities connected with the crack are
eliminated.
Appendix A
The elements Nij of the matrix N can be calculated numerically or presented via hyper-geometrical func-
tions. Besides, the following simple way of their approximate calculation can be used.
Taking into account that the pre-fracture zones [a1,a] and [b,b1] are much shorter than the crack length,
without essential lost of accuracy it is possible to assume t  b1  a1  b1 in the integrals for N11, N21 and
t  a1  b1  a1 in the integrals for N12, N22. Calculating the obtained integrals one getsN 11  1
0:5 ie ða1  b1Þ
0:5þieða a1Þ0:5ie; N 21  1
1:5 ie ða1  b1Þ
0:5þieða a1Þ1:5ie
N 12  1
1:5þ ie ðb1  a1Þ
0:5ieðb b1Þ1:5þie; N 22   1
0:5þ ie ðb1  a1Þ
0:5ieðb b1Þ0:5þie: ðA1ÞAppendix B
Expressions for the coeﬃcients of the formula (50), which deﬁne the stresses in the pre-fracture zones for
the case of symmetrical loadingr ¼ ð0:25þ e
2Þ
m1½0:25þ e2  q2ð2:25þ e2Þ
p
ﬃﬃﬃﬃﬃﬃﬃ
2c1
p
ð1þ c1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 gp ;
a11 ¼S1  qS3; a12 ¼ S2 þ qS4; a21 ¼ S2  qS4; a22 ¼ S1 þ qS3
S1 ¼e cosxþ 0:5 sinx; S2 ¼ 0:5 cosxþ e sinx;
S3 ¼e cosxþ 1:5 sinx; S4 ¼ 1:5 cosx e sinx;
x ¼e ln½2=ð1 gÞ; R ¼ epe
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2b1ðb1  bÞ
p
0:25þ e2 ; q ¼
ð0:25þ e2Þð1 gÞc1
2ð2:25þ e2Þ :Appendix C
Characteristics of the analyzed piezoceramicsPZT-4 PZT-5c11 · 1010 (N/m2) 13.9 12.1
c33 · 1010 (N/m2) 11.3 11.1
c13 · 1010 (N/m2) 7.43 7.52
c44 · 1010 (N/m2) 2.56 2.11
e31 (C/m
2) 6.98 5.4
e15 (C/m
2) 13.44 12.3
e33 (C/m
2) 13.84 15.8
e11 · 1010 (C/Vm) 60.0 81.07
e33 · 1010 (C/Vm) 54.7 73.46
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